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The eigenstate thermalization hypothesis (ETH), which dictates that all diagonal matrix elements
within a small energy shell be almost equal, is a major candidate to explain thermalization in isolated
quantum systems. According to the typicality argument, the maximum variations of such matrix
elements should decrease exponentially with increasing the size of the system, which implies the
ETH. We show, however, that the typicality argument does not apply to most few-body observables
for few-body Hamiltonians when the width of the energy shell decreases at most polynomially with
increasing the size of the system.
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Introduction. Thermalization in isolated quantum
systems has long hovered over researchers [1–6] since von
Neumann’s seminal work [7]. Recently, this problem has
attracted growing interest [8–10] due to experimental ad-
vances in ultracold atoms [11–19], ions [20–23], and su-
perconducting qubits [24]. These experiments have mo-
tivated theorists to identify the conditions under which
thermalization occurs [25–37].
The long-time dynamics of isolated quantum systems
can be analyzed through matrix elements of an observ-
able in the energy eigenbasis. The eigenstate thermal-
ization hypothesis (ETH) [4, 5] dictates that all diagonal
matrix elements within a small energy shell be almost
equal [38]. Then the expectation value of an observable in
the steady state can be calculated from the microcanon-
ical ensemble for all initial states with small energy fluc-
tuations [39]. Meanwhile, off-diagonal matrix elements
characterize autocorrelation functions and temporal fluc-
tuations [10]. It is thus of fundamental importance to
understand how such matrix elements generically behave
in macroscopic systems.
To be specific, consider a set of eigenstates {|Eα〉}
of the Hamiltonian and introduce a projector Pˆsh =∑
|Eα−E|≤∆E |Eα〉 〈Eα| onto the Hilbert space Hsh for an
energy shell of median E and width 2∆E. Let the spec-
tral decomposition of an observable Oˆ projected ontoHsh
be PˆshOˆPˆsh =
∑dsh
i=1 ai |ai〉 〈ai|, where dsh = dim[Hsh]
is the dimension of the Hilbert space within the energy
shell. Then the matrix elements of Oˆ within the energy
shell can be expressed as Oαβ = 〈Eα|PˆshOˆPˆsh|Eβ〉 =∑
i aiUαiU
∗
βi, where Uαi := 〈Eα|ai〉 constitutes the dsh×
dsh unitary matrix U .
To investigate the ETH, let us consider the maximum
variation of Oαα within the energy shell. This quantity
enables us to directly judge whether all diagonal matrix
elements are almost equal, which is required for justify-
ing thermalization from arbitrary initial states [40]. As
shown in Ref. [31] (see Appendix I of the Supplemen-
tal Material [41]), the maximum deviation of Oαα from
its average value decreases exponentially with increasing
the size of the system for almost all (typical) U ’s over
the unitary Haar measure. This mathematical property
is referred to as the typicality with respect to the uni-
tary Haar measure [42]. Based on the typicality, it is
argued [31] that for actual Hˆ and Oˆ of our concern the
variations of Oαα are exponentially small. We refer to
this conjecture as the typicality argument [31] to distin-
guish it from the above-mentioned (mathematically rig-
orous) typicality. Since exponentially small variations
of Oαα imply the ETH within the same energy shell,
the typicality argument offers a possible scenario for the
justification of the ETH [43]. Such an idea was origi-
nally put forth by von Neumann for macrospaces [7, 44]
and it has recently been generalized to arbitrary observ-
ables [31, 45]. Note that the spirit of the typicality
argument is similar to that of applying random matrix
theory (RMT) [31, 44, 46–48] to physics [49].
In this Letter, however, we show that the typicality ar-
gument cannot be applied to most few-body observables
for lattice Hamiltonians. In fact, we show that diagonal
matrix elements for most few-body observables do not
behave typically even if the energy width decreases alge-
braically with increasing the size of the system. In other
words, the maximum variation of Oαα does not decrease
exponentially. Our approach provides rigorous results
without assuming the unitary Haar measure [31] nor the
specific form of matrix elements proposed in Ref. [50].
Setup. We assume that the energy width ∆E scales
with the system size N as ∆E ∝ N−p and that dsh in-
creases exponentially with N , where −1 < p < 0 (sub-
extensive) for the energy width of the microcanonical en-
semble and p = 2D for that of the diffusive energy (many-
body Thouless energy) [10] with D being the spatial di-
mension.
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FIG. 1. (Left) Space of all the unitary matrices U ’s whose
matrix elements are constituted from inner products between
the eigenbases of the Hamiltonian of a system and those of
an observable. Almost all U ’s with respect to the unitary
Haar measure belong to U{ai},η, a set of all unitary matrices
for which the maximum variations of matrix elements Oαα
decrease exponentially with increasing the size of the system.
(Right) In a system with few-body interactions, we consider
few-body observables Oˆ that are expressed as random lin-
ear combinations of few-body operator bases {Λˆf}. Then,
for most realizations of Oˆ, the corresponding U ’s are atypi-
cal when the energy window under consideration decreases at
most polynomially with increasing the size of the system.
In the following we consider a spin system on N lat-
tice sites. The entire Hilbert space can be written as
H = ⊗Nx=1Hx, where Hx is a local Hilbert space at
site x. Let L(H) and L(Hx) be operator spaces act-
ing on H and Hx, respectively. We take an orthonor-
mal basis set for L(Hx) as
{
λˆ0x := Iˆx, λˆ1x, · · · , λˆS
2−1
x
}
,
where S = dim[Hx] and λˆµx (0 ≤ µ ≤ S2 − 1) are
S×S Hermitian matrices subject to Trx[λˆµxλˆµ
′
x ] = Sδµµ′ .
Then, the basis set that spans L(H) is written as
BN =
{
Λˆ′µ1,··· ,µN =
⊗N
x=1 λˆ
µx
x |0 ≤ µx ≤ S2 − 1
}
, where
Tr[Λˆ′µ1,··· ,µN Λˆ
′
µ′1,··· ,µ′N ] = S
N
∏N
x=1 δµxµ′x .
We next define m-body operators. For this pur-
pose, we take a basis set Bm ⊂ BN whose ele-
ments act nontrivially on at most m sites: Bm ={⊗q
i=1 λˆ
αxi
xi |1 ≤ q ≤ m, 1 ≤ xi ≤ N, 1 ≤ αxi ≤ S2 − 1
}
for m ≥ 1 and B0 =
{⊗N
x=1 λˆ
0
x
}
. Then m-body
operators are defined as a linear combination of elements
in Bm but not in Bm−1. If m (m N) does not depend
on N , we call them few-body operators. We note that
our few-body operators are defined in a much broader
sense than usual.
To discuss characteristic behaviors of few- and many-
body observables, we next consider observables which are
randomly chosen from at most m-body operators.
Definition (Randomly chosen observables from Lm).
Let Λˆ1, · · · , Λˆn be elements in Bm, where n =∑m
q=0
N !
q!(N−q)! (S
2 − 1)q is the number of the bases and
Tr[Λˆf Λˆg] = S
Nδfg. Let us consider a set Lm of at most
m-body observables, which can be written as a linear
combination of Λˆf . Now, we take an observable Gˆ ∈ Lm
expressed as
Gˆ =
n∑
f=1
Gf Λˆf , (1)
where real variables ~G = (G1, · · · , Gf , · · · , Gn) are ran-
domly chosen according to an arbitrarily given proba-
bility distribution P (~G). When P (~G) is invariant under
an arbitrary n× n orthogonal transformation, we call Gˆ
an observable randomly chosen from Lm [51]. Note that
we may arbitrarily choose P (~G) to suit our purpose; in
contrast, if we choose U from a unitary Haar measure,
it is unclear from what probability distribution an ob-
servable is chosen. In this sense, our scheme of sampling
observables has a well-defined operational meaning.
Atypicality of most few-body observables. We investi-
gate the behavior of matrix elements of random observ-
ables defined above and compare it with what the Haar
measure predicts. As defined above, the diagonal ma-
trix elements Oαα within the energy shell (|Eα − E| ≤
∆E) are given by Oαα =
∑dsh
i=1 ai|Uαi|2. We define
U{ai},η as a set of all U ’s that lead to the inequal-
ity max|Eα−E|,|Eβ−E|≤∆E |Oαα −Oββ | ≤ ||Oˆ||opd−ηsh for
given {ai}, where ||Oˆ||op denotes the operator norm and
η > 0. This inequality means that the maximum varia-
tion of Oαα||Oˆ||op within the energy shell decreases exponen-
tially as a function of N , which also implies the ETH of
Oˆ
||Oˆ||op . As illustrated in Fig. 1, almost all (typical) U ’s
with respect to the Haar measure belong to U{ai},η in the
thermodynamic limit for 0 < η < 12 (see Appendix I for
the proof [41]).
We first consider a few-body Hamiltonian (i.e., Hamil-
tonian with few-body interactions) and few-body observ-
ables. We show that for most few-body observables, the
corresponding U is atypical in the sense that U /∈ U{ai},η
(see Fig. 1). In fact, we can show the following theorem.
Theorem (Atypicality of most few-body observables).
Let us consider a k-body Hamiltonian, and assume that
N is sufficiently large and that m (k ≤ m  N) is in-
dependent of N . Suppose that we randomly choose an
observable Oˆ = ∑f Gf Λˆf from Lm, from which we ob-
tain the corresponding {ai} and U . Then,
PLm [U ∈ U{ai},η] ≤
√
pin||Hˆ||opΛ
2∆E
Γ
(
n
2
)
Γ
(
n−1
2
)d−ηsh , (2)
3: not exponentially large
inner product: 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FIG. 2. Schematic illustration of the idea behind the proof
of Theorem. (Left) We first show that |~Γ| does not decrease
exponentially with increasing N unless | ~H| is exponentially
large. This can be seen from the fact that |~Γ · ~H| does not
decrease exponentially as a function of N . (Right) Then, for
|~Γ · ~G| to be exponentially small (≤ ||Oˆ||opd−ηsh ), ~G should be
almost orthogonal to ~Γ (we assume that |~G| is not exponen-
tially large). The probability of such an event is exponentially
small (∝ d−ηsh ) unless the dimension n of the hypersphere is
exponentially large. This is the case for few-body observables.
where PLm denotes the probability with respect to P (~G),
and Λ = maxf ||Λˆf ||op ≤ Sm2 . When ||Hˆ||op does not
grow exponentially with respect to N , the left-hand of
the inequality (2) vanishes for large N . Note that the as-
sumption of the scaling ∆E ∝ N−p is sufficient to bound
the right-hand side.
The inequality (2) shows that, for physically rel-
evant Hamiltonians and most few-body observables,
max|Eα−E|,|Eβ−E|≤∆E |Oαα −Oββ | does not decrease as
a power of dsh. This means that the corresponding U is
atypical. As long as m satisfies k ≤ m and and is inde-
pendent of N (i.e., few-body), atypicality holds true for
every m.
Proof of Theorem (see Fig. 2). We first note that
Hˆ ∈ Lm satisfies the following condition for a k-body
Hamiltonian:
max
|Eα−E|,|Eβ−E|≤∆E
|(Hˆ)αα − (Hˆ)ββ | = ξd. (3)
Here ξd = 2∆E does not decrease faster than polynomial
in N .
Let γ and δ be labels of eigenstates that satisfy (Hˆ)γγ−
(Hˆ)δδ = ξd. Define Γf = (Λˆf )γγ − (Λˆf )δδ. Then the
expansion Hˆ =
∑n
f=1Hf Λˆf leads to
~H · ~Γ = ξd, where
~H = (H1, · · · , Hn) and ~Γ = (Γ1, · · · ,Γn). Since | ~H| =
√
Tr[Hˆ2]
SN
≤ ||Hˆ||op, we obtain
|~Γ| ≥ ξd||Hˆ||op
. (4)
Next, we evaluate the left-hand side of Eq. (2). Since
max|Eα−E|,|Eβ−E|≤∆E |Oαα −Oββ | ≥ |~G · ~Γ|, we obtain
PLm
[
max
|Eα−E|,|Eβ−E|≤∆E
|Oαα −Oββ | ≤ ||Oˆ||op
]
≤ PLm
[
|~G · ~Γ| ≤ ||Oˆ||op
]
(5)
for any  > 0, where we use the fact P[a ≤ c] ≥ P[b ≤ c]
for a ≤ b.
To evaluate Eq. (5), note that the probability P (~G)d~G
can be written as P ′(|~G|)|~G|n−1d|~G|dΩ because of the
invariance under orthogonal transformations (Ω denotes
the high-dimensional solid angle). Then, denoting the
angle between ~G and ~Γ by θ, we obtain
PLm
[
|~G · ~Γ| ≤ ||Oˆ||op
]
≤ PLm
[
| cos θ| ≤
√
n||Hˆ||opΛ
ξd
]
≤
√
pin||Hˆ||opΛ
2∆E
Γ
(
n
2
)
Γ
(
n−1
2
) . (6)
Here, in deriving the second line, we use ||Oˆ||op ≤
Λ|~G|√n that results from the property of an operator
norm and the Cauchy-Schwartz inequality (see Eq. (37)
in Supplementary Material [41]). With  = d−ηsh , the
left-hand side of (5) becomes PLm [U ∈ U{ai},η], which, to-
gether with (6), completes the proof of the theorem.
We note that our Theorem holds true for an arbi-
trary k-body Hamiltonian. Thus, it is natural to take
Hˆ as a Hamiltonian written as a sum of spatially local
operators (such locality is expected to be necessary for
standard statistical mechanics). In this case, ||Hˆ||op ∝ N
is expected. Thus, for the left-hand of (5) to vanish, we
can take  ∝ N−z ∼ n− zm (z > 1 + p+m) if ∆E ∝ N−p,
since
√
nΛ
Γ(n2 )
Γ(n−12 )
→ n ∼ Nm for large N . This means
that the maximum variation for most few-body observ-
ables decays slower than ∼ N−z ∼ n− zm (z > 1+p+m).
We emphasize that observables treated in the theorem
can be either local or non-local observables as long as
they are few-body. Thus, our theorem applies to mo-
mentum distributions [26, 45] and structure factors [52],
which are non-local but nevertheless expected to obey
standard statistical mechanics [10]. Our theorem implies
that it is likely that U satisfies U /∈ U{ai},η for local (or
non-local but physical) observables, unless special rea-
sons dictate otherwise. However, it is often the case
that we are specifically interested in spatially local ob-
servables. An extension of our theorem to most local
4observables for translation-invariant Hamiltonians with
local interactions is given in Appendix IV [41].
A measure consistent with the typicality argument.
As already noted, Theorem is meaningful only when m
does not grow in comparable proportion with N . Indeed,
we can show that for most observables randomly chosen
from Lm=N , the correponding U ’s satisfy U ∈ U{ai},η.
This means that we can construct an operational measure
consistent with the typicality argument if N -body ob-
servables are available, as stated in the following propo-
sition.
Proposition. Consider randomly choosing an observ-
able Oˆ = ∑f Gf Λˆf from LN , from which we obtain the
corresponding {ai} and U . Then, we can show that (see
Appendix II [41])
PLN [U /∈ U{ai},η] ≤ 2d exp
[
−dd
−2η
sh
72pi3
]
, (7)
where d = dim[H] = SN . The right-hand side vanishes
for sufficiently large N when η < 12 .
This proposition suggests that most random observ-
ables chosen from LN satisfy the ETH within the energy
shell under the normalization ||Oˆ||op = 1. In Appendix
III [41], we show numerical results indicating that many-
body correlations can satisfy the ETH (a similar numer-
ical result was presented in Ref. [53]).
We note that we can make similar analyses for off-
diagonal matrix elements Oαβ (Eα 6= Eβ), which are
related to the Fourier transform of the autocorrelation
function [54–56]. In Appendix V [41], we show that the
magnitudes of off-diagonal matrix elements for most few-
body observables fluctuate within the energy shell more
than what the uniform Haar measure predicts. This
can be proven from the fact that an operator written
in the form of i[Aˆ, Hˆ] has atypical off-diagonal matrix
elements. On the other hand, we can construct an oper-
ational measure consistent with the typicality argument
if many-body observables are available.
We briefly comment on previous investigations on
whether the typicality (or RMT) argument applies to a
realistic setup. They mainly investigate the behavior of
U in light of the complexity of the Hamiltonian, moti-
vated by analyses in semiclassical systems [5, 57]. When
the Hamiltonian commutes with many local conserved
quantities due to, e.g., many-body localization [58, 59],
matrix elements of few-body observables are not typical
(i.e., atypical) [55, 56, 60–66]. In contrast, the typical-
ity argument has been conjectured to be applicable to
a generic nonintegrable Hamiltonian [67] and few-body
observables, for which the matrix elements are expected
to be calculated by RMT within a sufficiently small en-
ergy shell [10]. For some statistics (e.g., variances of
matrix elements), this conjecture has been numerically
tested in Refs. [54, 55, 62, 63, 68]. On the other hand,
our results show that the Haar measure cannot predict
the maximum variation ofOαα for most few-body or local
observables in macroscopic systems (the latter requires a
translation-invariant Hˆ), when the width of the energy
shell decreases at most polynomially with increasing the
size of the system.
Conclusions and discussions. We have reexamined
the typicality argument that relies on the unitary Haar
measure by focusing on few-body observables. By con-
sidering an arbitrary few-body Hamiltonian (which can
be local) and random few-body observables, we have
shown that matrix elements do not behave typically for
most few-body observables even if the energy width de-
cays algebraically with increasing the size of the system
(Theorem). We have also constructed an operational
measure consistent with the typicality argument on di-
agonal matrix elements (Proposition). This is possible
if many-body observables are available.
Our approach provides rigorous results without assum-
ing any specific form of matrix elements. In fact, if we as-
sume that all Oαα’s are written as A(Eα) with a smooth
function A of energy in the thermodynamic limit [50]
and that dA(E)dE is not exponentially small, the atypi-
cality of diagonal matrix elements is expected. Namely,
under such assumptions the maximum deviation will be
∼ dA(E)dE × 2∆E in the thermodynamic limit, which is
not exponentially small if ∆E ∝ N−p. However, our
proof of Theorem does not rely on these assumptions.
Moreover, Theorem and Proposition show that the
few-body property of observables is crucial in consider-
ing statistics of matrix elements, which was not addressed
in previous literature [69]. Our results suggest that the
above assumption for dA(E)dE often seems to hold in nu-
merics [60, 70] because few-body observables are mainly
concerned [71].
Our results indicate that the typicality argument based
on the Haar measure does not apply to realistic Hamil-
tonians and most few-body observables, if the width of
the energy shell decreases at most polynomially. For the
diagonal matrix elements, the typicality argument (see
Appendix I for detail [41]) cannot be used to justify the
ETH. However, we have not excluded the possibility that
the maximum variation of diagonal matrix elements de-
creases algebraically with increasing the size of the sys-
tem. If this is the case, the ETH still holds true and
thermalization occurs in the thermodynamic limit. We
also note that we cannot judge the validity of von Neu-
mann’s original argument [7] on the basis of the present
study. In fact, he took a coarse-grained procedure of the
original macroscopic observables, which adds subexten-
sive corrections to these observables. Such corrections are
negligible for discussing thermalization in macroscopic
systems, but make the inequality (2) inapplicable.
While we have mainly considered the maximum vari-
ation of diagonal matrix elements to investigate whether
5the typicality argument can explain the ETH, our tech-
nique of random few-body observables may be applied
to investigate other properties of thermalization. In par-
ticular, it is worthwhile to investigate whether the equi-
libration timescales of generic few-body observables are
explicitly shown to differ from what the Haar measure
predicts [72].
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I. TYPICALITY OF DIAGONAL MATRIX ELEMENTS
We begin by recalling that diagonal matrix elements Oαα within the energy shell (|Eα −
E| ≤ ∆E) are determined by a unitary matrix U through Oαα =
∑dsh
i=1 ai|Uαi|2, if eigen-
values {ai} are fixed. We define U{ai},η as a set of all U ’s that lead to the inequality
max|Eα−E|,|Eβ−E|≤∆E |Oαα −Oββ| ≤ ||Oˆ||opd−ηsh for given {ai}. Here ||Oˆ||op denotes an op-
erator norm and η > 0. This inequality means that the maximum difference among Oαα||Oˆ||op
within the energy shell is exponentially small in N , which also implies the ETH of Oˆ||Oˆ||op .
There have been a number of attempts [1–4] to justify the ETH by proving U ∈ U{ai}
for almost all U ’s with respect to the Haar measure. We present here a slightly modified
version of Reimann’s result [4] to compare it with our results in the main text:
PU [U /∈ U{ai},η] ≤ 2dsh exp
[
−d
1−2η
sh
72pi3
]
, (1)
where PU denotes a probability distribution with respect to the unitary Haar measure.
Proof. In Ref. [4], Reimann has shown that (see Eq. (40) in the supplementary material
of the reference)
PU
[
max
|Eα−E|≤∆E
|Oαα −Osh| > 
]
≤ 2dsh exp
[
− 2
2dsh
9pi3∆2O
]
, (2)
where ∆O = maxi ai −mini ai and Osh = 1dsh
∑
|Eα−E|≤∆E Oαα. Since
1
2
max
|Eα−E|,|Eβ−E|≤∆E
|Oαα −Oββ| ≤ max|Eα−E|≤∆E |Oαα −Osh| , (3)
we obtain
PU
[
max
|Eα−E|,|Eβ−E|≤∆E
|Oαα −Oββ| > 2
]
≤ PU
[
max
|Eα−E|≤∆E
|Oαα −Osh| > 
]
, (4)
where we use the fact that P[a > c] ≤ P[b > c] for a ≤ b. Substituting 2 = ||Oˆ||opd−ηsh into
(4), we obtain
PU
[
max
|Eα−E|,|Eβ−E|≤∆E
|Oαα −Oββ| > ||Oˆ||opd−ηsh
]
≤ PU
[
max
|Eα−E|≤∆E
|Oαα −Osh| > 1
2
||Oˆ||opd−ηsh
]
≤ 2dsh exp
[
−||Oˆ||
2
opd
1−2η
sh
18pi3∆2O
]
. (5)
Finally, using ∆O ≤ 2||PˆshOˆPˆsh||op ≤ 2||Oˆ||op, we obtain
PU
[
max
|Eα−E|,|Eβ−E|≤∆E
|Oαα −Oββ| > ||Oˆ||opd−ηsh
]
≤ 2dsh exp
[
−d
1−2η
sh
72pi3
]
, (6)
2
which completes the proof of the inequality in (1).
The inequality in (1) means that almost all (typical) U ’s with respect to the Haar measure
belong to U{ai},η in the thermodynamic limit if 0 < η < 12 (see Fig. 1 in the main text).
Then, the typicality argument [4] asserts that even for a realistic pair of a Hamiltonian and
an observable, we may expect that the corresponding U satisfies U ∈ U{ai},η.
II. PROOF OF THE PROPOSITION IN THE MAIN TEXT
We first show that a randomly chosen observable Gˆ =
∑
f Gf Λˆf from LN has eigenstates
that are uniformly distributed with respect to the Haar measure. For an arbitrary SN ×SN
unitary transformation Rˆ, we obtain
RˆGˆRˆ† =
S2N∑
f=1
Gf RˆΛˆf Rˆ
†
=
S2N∑
f=1
Gf
S2N∑
g=1
RfgΛˆg
=
S2N∑
f=1
G˜f Λˆf , (7)
where Rfg is defined through the operator expansion RˆΛˆf Rˆ† =
∑S2N
g=1 RfgΛˆg. We define
G˜f =
∑S2N
g=1 GgRgf . From the normalization condition of Λˆf , namely Tr[Λˆf Λˆg] = SNδfg, we
obtain
∑
hRfhRgh = δfg by considering the operator expansion of RˆΛˆf Rˆ†RˆΛˆgRˆ†. Moreover,
from the Hermiticity Λˆ†f = Λˆf , we obtain Rfg = R∗fg by considering the operator expansion
of (RˆΛˆf Rˆ
†)†. Thus, we can show that R is an S2N × S2N orthogonal matrix. Then, if
we pick up observables randomly from LN , the probabilities of choosing Gˆ and RˆGˆRˆ† are
equal due to the invariance assumption P (~G) = P (R~G). Consequently, if we diagonalize
a randomly chosen Gˆ, its eigenstates are uniformly distributed with respect to the unitary
Haar measure.
Similarly to Eq. (1), we can show the bound on the right-hand side in Eq. (7) in the
main text. By considering the unitary Haar measure for the entire Hilbert space, we obtain
PLN
[
max
α,β
|Oαα −Oββ| > ||Oˆ||opd−ηsh
]
≤ 2d exp
[
−dd
−2η
sh
72pi3
]
. (8)
3
Since maxα,β |Oαα −Oββ| ≥ max|Eα−E|,|Eβ−E|≤∆E |Oαα −Oββ|, we obtain
PLN
[
max
|Eα−E|,|Eβ−E|≤∆E
|Oαα −Oββ| > ||Oˆ||opd−ηsh
]
≤ PLN
[
max
α,β
|Oαα −Oββ| > ||Oˆ||opd−ηsh
]
.
(9)
This completes the proof of Eq. (7) in the main text.
III. EIGENSTATE THERMALIZATIONHYPOTHESIS FORMANY-BODY COR-
RELATIONS
In this Appendix, we numerically show that the eigenstate thermalization hypothesis
(ETH) is expected to hold true even for many-body correlations in a one-dimensional non-
integrable spin-1/2 system.
In Fig. 1, we show the eigenstate expectation values (EEVs) 〈Eα|OˆN |Eα〉 for integrable
and nonintegrable systems. Here, many-body correlations OˆN are defined as
OˆN =
N∏
l=1
σˆzl , (10)
where σˆzl is the z component of the Pauli operator at site l.
For an integrable system, we take a transverse-field Ising model with the open boundary
condition whose Hamiltonian can be written as
Hˆ = −
N−1∑
l=1
Jσˆzl σˆ
z
l+1 −
N∑
l=1
h′σˆxl , (11)
where we take J = 1 and h′ = −1.05. For a nonintegrable system, we take a Hamiltonian
Hˆ = −
N−1∑
l=1
J(1 + l)σˆ
z
l σˆ
z
l+1 −
N∑
l=1
h′σˆxl −
N∑
l=1
hσˆzl , (12)
where h = 0.5 and a random variable l is uniformly chosen from [−0.1, 0.1] at each bond.
Figure 1 shows that the fluctuations of the EEVs rapidly decrease with increasing N
for nonintegrable systems, whereas they remain large for integrable systems. This result
implies that the ETH does (does not) hold true for nonintegrable (integrable) systems, even
for many-body correlations given by Eq. (10). We note, however, that Proposition in
the main text holds true regardless of whether the system is integrable or not. From this
proposition, we expect that the ETH holds true for more complex many-body observables
even for integrable systems.
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FIG. 1. N -dependences of eigenstate expectation values (EEVs) of OˆN for integrable (upper row)
and nonintegrable (lower row) systems with N = 8 (left), N = 10 (middle), and N = 12 (right).
The fluctuations of the EEVs decrease with increasing N for nonintegrable systems, whereas they
remain large for integrable systems.
IV. ATYPICALITY OF MOST LOCAL OBSERVABLES
We are often interested in the property of spatially local observables, rather than general
few-body observables. We can actually show atypicality of Oαα for most of such local observ-
ables in a manner similar to the case with Theorem in the main text, if the Hamiltonian is
local and translationally invariant. In the following, we consider spins on one-dimensional N
lattice sites (x = 1, · · · , N) for simplifying the notation (generalization to higher dimensions
is straightforward).
We take a subsystem Sl composed of l neighboring lattices, which we call x = 1, 2, · · · , l
(note that we can start from x = 1 because we will consider a translation-invariant sys-
5
tem below). We assume that l ( N) does not depend on N , which makes Sl a local
subsytem. We define HSl and Llocl ≡ L(HSl) as the Hilbert space of Sl and the opera-
tor space acting on Sl, respectively. An orthonormal basis set for Llocl can be written as
Blocl ≡
{
⊗lx=1λˆµxx |0 ≤ µx ≤ S2 − 1
}
≡ {Λˆlocf }rf=1, where r = S2l. We choose the orthonor-
mality condition as TrSl [Λˆ
loc
f Λˆ
loc
g ] = S
lδfg.
Next we define random local observables from Llocl as follows:
Definition 1 (Randomly chosen local observables from Llocl ). We take an observable Gˆ ∈
Llocl expressed as
Gˆ =
r∑
f=1
gf Λˆ
loc
f , (13)
where real variables ~g = (g1, · · · , gf , · · · , gr) are randomly chosen according to an arbitrarily
specified probability distribution P loc(~g). When P loc(~g) is invariant under an arbitrary r×r
orthogonal transformation, we call Gˆ an observable randomly chosen from Llocl .
We consider an l′-local, translation-invariant Hamiltonian Hˆ in the following sense. It is
written as Hˆ =
∑N
i=1 hˆi,l′ , where hˆ1,l′ only acts on x = 1, 2, · · · , l′ and T [hˆi,l′ ] = hˆi+1,l′ (T is
the translation of one lattice).
Under this setup, we obtain the following theorem:
Theorem 1 (Atypicality of most local observables). Let us consider an l′-local translation-
invariant Hamiltonian, and assume that N is sufficiently large and that l (l′ ≤ l  N) is
independent of N . Suppose that we randomly choose an observable Oˆ = ∑f gf Λˆlocf from
Llocl , from which we obtain the corresponding {ai} and U . Then,
PLlocl [U ∈ U{ai},η] ≤
√
pirN ||hˆ||opΛ
2∆E
Γ
(
r
2
)
Γ
(
r−1
2
)d−ηsh , (14)
where PLlocl denotes a probability with respect to P
loc(~g), and Λ = maxf ||Λˆf ||op ≤ S l2 = r1/4.
When ||hˆ||op does not grow exponentially in N , the left-hand side vanishes for large N . Note
that the assumption of the scaling ∆E ∝ N−p is sufficient to bound the right-hand side.
Proof of Theorem 1. The proof is similar to that of Theorem in the main text. We
first note that hˆ1,l′ ∈ Llocl and that hˆ1,l′ satisfies the following condition:
(hˆ1,l′)γγ − (hˆ1,l′)δδ = 1
N
∑
i
[(hˆi,l′)γγ − (hˆi,l′)δδ]
=
1
N
[(Hˆ)γγ − (Hˆ)δδ] = 2∆E
N
, (15)
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where γ and δ are labels of maximum/minimum eigenvalues within the energy shell. Define
γf = (Λˆ
loc
f )γγ − (Λˆlocf )δδ. Then the expansion hˆ1,l′ =
∑r
f=1 hf Λˆ
loc
f leads to
~h ·~γ = 2∆E
N
, where
~h = (h1, · · · , hr) and ~γ = (γ1, · · · , γr). Since |~h| =
√
TrSl [hˆ
2
1,l′ ]
Sl
≤ ||hˆ1,l′||op ≡ ||hˆ||op (note
that ||hˆi,l′||op = ||hˆ||op for all i), we obtain
|~γ| ≥ 2∆E
N ||hˆ||op
. (16)
Next, we evaluate the left-hand side of Eq. (14). Since max|Eα−E|,|Eβ−E|≤∆E |Oαα −Oββ| ≥
|~g · ~γ|, we obtain
PLlocl
[
max
|Eα−E|,|Eβ−E|≤∆E
|Oαα −Oββ| ≤ ||Oˆ||op
]
≤ PLlocl
[
|~g · ~γ| ≤ ||Oˆ||op
]
. (17)
Next, denoting the angle between ~g and ~γ by φ, we obtain
PLlocl
[
|~g · ~γ| ≤ ||Oˆ||op
]
≤ PLlocl
[
| cosφ| ≤
√
rN ||hˆ||opΛ
2∆E
]
≤
√
pirN ||hˆ||opΛ
2∆E
Γ
(
r
2
)
Γ
(
r−1
2
) . (18)
Here, in deriving the second line, we have used ||Oˆ||op ≤ Λ|~g|
√
r and the invariance condition
of P loc(~g) (see also the main text). Combining (17) and (18), and taking  = d−ηsh , the left-
hand side of (17) becomes PLlocl [U ∈ U{ai},η], which completes the proof of the theorem.
From (17) and (18), we can further estimate how slowly the maximum variation of di-
agonal matrix elements decays. To do this, we take ∆E = ||hˆ||opN−p (−1 < p). Since
√
pirΛ
2
Γ( r2)
Γ( r−12 )
does not depend on N , we can take  = N−z (z > 1 + p) for the left-hand side of
(17) to vanish in the thermodynamic limit. We note that this does not contradict the result
of the weak ETH [5]. The weak ETH states that the variance of Oαα within the energy shell
decreases faster than N−1 if the equilibrium correlation function of Oˆ rapidly decreases with
the distance. Since the maximum variation is always larger than the variance, our result and
the weak ETH can be compatible (indeed, the weak ETH is known to hold for integrable
systems, for which the strong ETH breaks down).
V. OFF-DIAGONAL MATRIX ELEMENTS
We here analyze off-diagonal matrix elements. For energy eigenstates |Eα〉 , |Eβ〉 ∈ Hsh,
we obtain E −∆E ≤ Eα+Eβ
2
≤ E + ∆E and −2∆E ≤ Eβ −Eα = ωαβ ≤ 2∆E, where we set
7
III
FIG. 2. Region I and II for off-diagonal matrix elements. Region I satisfies E − 2δE < Eα < E
and E ≤ Eβ ≤ E+2δE, where δE( ∆E) is a small constant. Region II satisfies E−∆E < Eα <
E −∆E + 2δE and E + ∆E − 2δE ≤ Eβ ≤ E + ∆E.
~ = 1. If the off-diagonal matrix elements have almost the same order of magnitude over
the energy shell Hsh, no characteristic timescale of thermalization for Oˆ should appear after
∼ 1
2∆E
.
We define the following regions I and II for matrix elements (see Fig.2). Region I satisfies
E − 2δE < Eα < E,E ≤ Eβ ≤ E + 2δE, where δE( ∆E) is a small constant. We
denote the numbers of energy eigenstates |Eα〉 and |Eβ〉 that satisfy this condition by pI
and qI, respectively. Then the total number of relevant matrix elements is pIqI. Note that
0 < ωαβ < 4δE is satisfied. Similarly, region II satisfies E − ∆E < Eα < E − ∆E + 2δE
and E + ∆E − 2δE ≤ Eβ ≤ E + ∆E. We denote the numbers of energy eigenstates |Eα〉
and |Eβ〉 that satisfy this condition by pII and qII, respectively. Then the total number of
relevant matrix elements is pIIqII. Note that the condition 2∆E − 4δE < ωαβ < 2∆E is
satisfied.
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As a quantity of our interest, we define the spectral average of off-diagonal matrix elements
for each region as follows:
〈O2off〉I =
1
pIqI
∑
I
|Oαβ|2, (19)
〈O2off〉II =
1
pIIqII
∑
II
|Oαβ|2. (20)
Here each sum is taken over all matrix elements in I or II. In the following discussions, we
consider dsh 〈O2off〉I/II, since 〈O2off〉I/II is expected to decrease as ∼ d−1sh [6] (see Ref. [7] for an
exception).
First, we can prove a statement similar to Eq. (1) for the off-diagonal spectral average.
For this purpose, we recall that matrix elements Oαβ within the energy shell are determined
by a unitary matrix U through Oαβ =
∑dsh
i=1 aiUαiU
∗
βi for fixed eigenvalues {ai}. Similarly,
〈O2off〉I and 〈O2off〉II are also calculated from U . Then we have the following proposition.
Proposition 1 (Typicality with respect to the Haar measure). We define U ′{ai},η as a set
of all U ’s that lead to the inequality |dsh 〈O2off〉I − dsh 〈O2off〉II| ≤ ||Oˆ||2opd−ηsh for given {ai},
where η > 0. We then have
PU
[
U /∈ U ′{ai},η
] ≤ 4BI
d−2ηsh dI
+
4BII
d−2ηsh dII
, (21)
whereBI andBII are some constants, dI = min{pI, qI}, and dII = min{pII, qII}. If dI, dII  d2ηsh
in the thermodynamic limit, the right-hand side vanishes in this limit. This means that
the variations of typical magnitudes of off-diagonal matrix elements decrease exponentially
within an energy shell.
Proof. First we show
PU
[∣∣∣dsh 〈O2off〉I − dsh|Oαβ|2∣∣∣ > ||Oˆ||2opd−ηsh ] ≤ BI
d−2ηsh dI
(22)
and a similar inequality for II, where the overline denotes the average with respect to the
Haar measure. We begin by calculating the ensemble average of the spectral average over
the Haar measure:
dsh 〈O2off〉I =
dsh
pIqI
∑
I
|Oαβ|2
= dsh|Oαβ|2. (23)
9
Here we have used the fact that |Oαβ|2 is independent of α and β in the energy shell. Next
we consider the ensemble variance of the spectral average. When dI(< dsh) is large enough,
we obtain (
dsh 〈O2off〉I − dsh 〈O2off〉I
)2
≤ BI||Oˆ||4opd−1I , (24)
where BI is a constant. The proof is given in a similar manner as in Ref. [7]. By Chebyshev’s
inequality, we obtain Eq. (22). A similar proof can be made for the region II.
Now we show Proposition 1. Since
∣∣dsh 〈O2off〉I − dsh 〈O2off〉II∣∣ ≤ 2 max{∣∣∣dsh 〈O2off〉I − dsh|Oαβ|2∣∣∣ , ∣∣∣dsh 〈O2off〉II − dsh|Oαβ|2∣∣∣} ,
(25)
we obtain
PU
[∣∣dsh 〈O2off〉I − dsh 〈O2off〉II∣∣ > ||Oˆ||2opd−ηsh ] ≤
PU
[
2 max
{∣∣∣dsh 〈O2off〉I − dsh|Oαβ|2∣∣∣ , ∣∣∣dsh 〈O2off〉II − dsh|Oαβ|2∣∣∣} > ||Oˆ||2opd−ηsh ]
≤ PU
[∣∣∣dsh 〈O2off〉I − dsh|Oαβ|2∣∣∣ > ||Oˆ||2opd−ηsh /2]+ PU [∣∣∣dsh 〈O2off〉II − dsh|Oαβ|2∣∣∣ > ||Oˆ||2opd−ηsh /2]
≤ 4BI
d−2ηsh dI
+
4BII
d−2ηsh dII
, (26)
where we have used P[max{a, b} > ] ≤ P[a > ] + P[b > ].
Just as we have done for diagonal matrix elements, we can show that most few-body
observables are atypical in the sense that the corresponding U does not belong to U ′{ai},η.
This can be stated in the form of the following theorem.
Theorem 2. Suppose that there exists an observable Aˆ ∈ Lm such that dsh 〈A2off〉II and
||Aˆ||−1op decrease no faster than polynomials in N . We also assume that the Hamiltonian is
a k-body operator (k ≤ m) and ||Hˆ||op does not increase exponentially in N .
For sufficiently small δE, we can show that
PLm
[
U ∈ U ′{ai},η
] ≤√ 2pi
ξod
n
3
4 ||Bˆ||opΛΓ
(
n
2
)
Γ
(
n−1
2
) d− η2sh . (27)
Here Bˆ is either Aˆ or i[Hˆ, Aˆ], and ξod is some constant that decreases no faster than poly-
nomials in N . The right-hand side vanishes in the thermodynamic limit when m does not
depend on N . This means the following: the typical homogeneous variance inside the
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energy shell, which is predicted by the unitary Haar measure, cannot be observed for the
off-diagonal matrix elements of most few-body observables.
Proof. We first seek for an observable Bˆ ∈ Lm that satisfies the following condition:∣∣dsh 〈B2off〉I − dsh 〈B2off〉II∣∣ ≥ ξod, (28)
where ξod does not decrease faster than polynomials in N . We show that either Aˆ or i[Hˆ, Aˆ]
satisfy this condition.
Let us take a positive constant c. If |dsh 〈A2off〉II − dsh 〈A2off〉I | ≥ c, we can take Bˆ = Aˆ
and ξod = c; otherwise, we take Bˆ = i[Hˆ, Aˆ]. Then
∣∣dsh 〈B2off〉I − dsh 〈B2off〉II∣∣ =
∣∣∣∣∣ dshpIqI ∑
I
(Eα − Eβ)2|Aαβ|2 − dsh
pIIqII
∑
II
(Eα − Eβ)2|Aαβ|2
∣∣∣∣∣ . (29)
We note that
dsh
pIIqII
∑
II
(Eα − Eβ)2|Aαβ|2 ≥ 4(∆E − 2δE)2dsh 〈A2off〉II ,
d
pIqI
∑
I
(Eα − Eβ)2|Aαβ|2 ≤ 16δE2dsh 〈A2off〉I ≤ 16δE2(c+ dsh 〈A2off〉II). (30)
Thus, if we take δE such that
δE2 ≤ ∆E
2dsh 〈A2off〉II
64(c+ dsh 〈A2off〉II)
(
≤ ∆E
2
64
)
(31)
for a fixed ∆E, we obtain
∣∣dsh 〈B2off〉I − d 〈B2off〉II∣∣ =
∣∣∣∣∣ dshpIqI ∑
I
(Eα − Eβ)2|Aαβ|2 − dsh
pIIqII
∑
II
(Eα − Eβ)2|Aαβ|2
∣∣∣∣∣
≥ 4(∆E − 2δE)2dsh 〈A2off〉II − 16δE2(c+ dsh 〈A2off〉II)
≥ 9
4
∆E2dsh 〈A2off〉II −
1
4
∆E2dsh 〈A2off〉II
= 2∆E2dsh 〈A2off〉II . (32)
Since the last term decreases no faster than polynomials inN , we can take ξod = 2∆E
2dsh 〈A2off〉II.
We note that for Bˆ = i[Hˆ, Aˆ],
√
dsh 〈B2off〉II −
√
dsh 〈B2off〉I ∝ ∆E approximately holds
for sufficiently small δE. Thus, for such a few-body operator, we do not see the plateau-like
structure of off-diagonal matrix elements suggested in nonintegrable systems [8] even for
small ∆E.
11
Now we give the proof of the atypicality of most few-body observables. Let us define
2Zfg = dsh 〈Λˆf : Λˆg〉II − dsh 〈Λˆf : Λˆg〉I + c.c., (33)
〈Λˆf : Λˆg〉II =
1
pIIqII
∑
II
(Λˆf )αβ(Λˆg)βα, (34)
〈Λˆf : Λˆg〉I =
1
pIqI
∑
I
(Λˆf )αβ(Λˆg)βα. (35)
Then Bˆ =
∑
f Bf Λˆf leads to ∣∣∣∣∣∑
fg
BfBgZfg
∣∣∣∣∣ ≥ ξod. (36)
Here, Zfg is real and symmetric, and can be diagonalized by an orthogonal transformation
R. By writing RZRT = diag(D1, · · · , Df , · · · , Dn) with D1 ≤ · · · ≤ Dn and ~B′ = R ~B, we
have ∣∣∣∣∣∑
f
B′2f Df
∣∣∣∣∣ ≥ ξod. (37)
We note that
∑
f
B′2f
√∑
f
D2f ≥
√∑
f
B′4f
∑
f
D2f ≥
∣∣∣∣∣∑
f
B′2f Df
∣∣∣∣∣ ≥ ξod, (38)
which is obtained by using
(∑
f B
′2
f
)2
≥ ∑f B′4f and the Cauchy-Schwarz inequality. We
also note that ∑
f
B′2f =
∑
f
B2f =
Tr[Bˆ2]
SN
≤ ||Bˆ||2op. (39)
Then
| ~D| =
√∑
f
D2f ≥
ξod
||Bˆ||2op
, (40)
where ~D = (D1, · · · , Dn). We also define DM := maxf |Df | ≥ ξod√n||Bˆ||2op .
We now show that
PLm
[∣∣d 〈O2off〉I − d 〈O2off〉II∣∣ ≤ ||Oˆ||2opd−ηsh ] = PLm
[∣∣∣∣∣∑
fg
GfGgZfg
∣∣∣∣∣ ≤ ||Oˆ||2opd−ηsh
]
(41)
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is small (note that Oˆ = ∑f Gf Λˆf ). Since the probability is invariant under the orthogonal
transformation R, we have
PLm
[∣∣∣∣∣∑
fg
GfGgZfg
∣∣∣∣∣ ≤ ||Oˆ||2opd−ηsh
]
= PLm
[∣∣∣∣∣∑
f
G2fDf
∣∣∣∣∣ ≤ ||Oˆ||2opd−ηsh
]
. (42)
To evaluate the right-hand side, we first fix |~G| and consider the probability on the hyper-
sphere
∑
f G
2
f = |~G|2. We note that
||Oˆ||2op ≤
(
n∑
f=1
|Gf | · ||Λˆf ||op
)2
≤ Λ2
(
n∑
f=1
|~Gf |
)2
≤ Λ2|~G|2n, (43)
where the last inequality comes from the Cauchy-Schwarz inequality. Thus, the right-hand
side in Eq. (42) is further bounded from above by
PLm
[
−|~G|2δ ≤
n∑
f=1
G2fDf ≤ |~G|2δ
]
, (44)
where δ = Λ2nd−ηsh decreases exponentially as a function of N .
Without loss of generality, we can assumeD1 = minf Df = −DM (the following discussion
holds true for the case with Dn = maxf Df = DM). Then, Eq. (44) is equivalent to
PLm
[
|~G|2(−δ +DM) ≤
n∑
f=2
G2fEf ≤ |~G|2(δ +DM)
]
(45)
under the constraint
n∑
f=1
G2f = |~G|2, (46)
where Ef = Df +DM > 0 for f ≥ 2.
Equations (45) and (46) allow a geometrical interpretation that we should evaluate an
overlap of the (n − 1)-dimensional hypersphere and the n-dimensional thin elliptic hyper-
cylinder shell. For fixed |~G|, the volume of the overlap can be evaluated by integrating out
G1:
N =
∫
B∩E
dG2 · · · dGn√
|~G|2 −G22 − · · · −G2n
, (47)
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FIG. 3. (a) Two possible configurations of overlaps of an (n − 1)-dimensional ball (B) and an
(n − 1)-dimensional thin elliptic hypercylinder shell (E) for n = 3. (b) Evaluation of the volume
of the overlap N ′ via W (Eq. (49)). (c) Circular configuration for which both W and N ′ are
maximized. In this case, N is also maximized.
where B denotes an (n− 1)-dimensional ball with the radius |~G| and E denotes an (n− 1)-
dimensional thin elliptic shell (see Figure 3).
We consider those configurations of ~E which maximize the overlap volume N . We first
note that the quantity
N ′ =
∫
B∩E
dG2 · · · dGn, (48)
satisfies
N ′ ≤
[
1−
(
DM − δ
DM + δ
)n−1
2
]
W , (49)
where W is the overlap volume between B and the region
{∑n
f=2G
2
fEf ≤ |~G|2(δ +DM)
}
(see Fig. 3(b)). We note that W is maximized when B ⊂
{∑n
f=2G
2
fEf ≤ |~G|2(δ +DM)
}
.
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Furthermore, the equality of Eq. (49) is attained when
{∑n
f=2G
2
fEf ≤ |~G|2(δ +DM)
}
⊂
B. Thus, N ′ is maximized when B =
{∑n
f=2 G
2
fEf ≤ |~G|2(δ +DM)
}
(see Fig. 3(c)). In
this case, N is also maximized, since the factor
√
|~G|2 −G22 − · · · −G2n becomes smaller as
(G2, · · · , Gn) approaches the edge of B. Thus, Eq. (45) is maximized when ~E = (DM +
δ, · · · , DM + δ).
Going back to the original problem, we obtain
PLm
[
−|~G|2δ ≤
n∑
f=1
G2fDf ≤ |~G|2δ
]
≤ PLm
[
−|~G|2δ ≤
n∑
f=1
G2fD
M
f ≤ |~G|2δ
]
(50)
for any fixed ~D, where ~DM = (−DM , δ, · · · , δ). If we denote the angle between the ~G-axis
and the G1-axis by θ, we obtain
PLm
[
−|~G|2δ ≤
n∑
f=1
G2fD
M
f ≤ |~G|2δ
]
= PLm
[−δ ≤ −DM cos2 θ + δ sin2 θ ≤ δ] (51)
≤ PLm
[
−
√
2δ
DM
≤ cos θ ≤
√
2δ
DM
]
(52)
≤
√
2pi
ξod
n
3
4 ||Bˆ||opΛd−
η
2
sh
Γ
(
n
2
)
Γ
(
n−1
2
) , (53)
which completes the proof of Theorem 2.
Finally, we consider observables randomly chosen from Lm=N , which include many-body
observables. Then, most of them satisfy U ∈ U ′{ai},η as stated in the following proposition.
Proposition 2. Let PLm be a probability with respect to P (~G). If we take m = N , the
following inequality holds.
PLN
[
U /∈ U ′{ai},η
] ≤ 4BId2+2ηsh
d2dI
+
4BIId
2+2η
sh
d2dII
. (54)
The right-hand side vanishes when
d2+2ηsh
d2dI
,
d2+2ηsh
d2dII
 1 for sufficiently large N . The proof
goes similarly to that of Proposition in the main text. We can show that U distributes
uniformly over the unitary Haar measure over the entire Hilbert space, and the same
method for proving Proposition 1 can be used. That is, dsh in the left-hand side of
Eq. (24) can be replaced by d. Consequently, we can use the Chebyshev’s inequality to
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PLN
[
|d 〈O2off〉I − d 〈O2off〉II| > ||Oˆ||2opdd−1−ηsh
]
, which leads to Eq. (54).
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